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IIpeauciiosue

B Opomrrope paccMaTpuBarOTCS pasiHydHBIE CIIOCOOBI Tiepe-
YUCJICHUSI HEYTOPSAOYEHHBIX COBOKyIMHOCTeH. OCHOBHOE BHHU-
MaHHUC YACIICTCA CBA3U TPEX KOM6I/IHaTOpHI)IX 3ajgav: O Kpart-
YalImuX MapuipyTax MypaBbi 1O TIPSMOYTOJBHOM peleTKe,
0 TIepeYHCICHNA MHOTO3HAYHBIX YHCEINl B Cllydae HeyObIBaHHS
uugp (Ipy YTEHUH CJIeBa HAMPABO) U O MEPEUYHUCICHUU JIOMY-
CTUMBIX PAaCKpPaCOK MHOXKECTB, Ha DJIIEMEHTAaX KOTOPHIX OIpee-
JIEHO OTHOIIEHWE «OMWHAKOBOCTH». B JloOaBneHmm paccMoT-
peHa 3aada O MEepeYHCICHHA MapIIPyTOB «OIHOCTOPOHHETOY»
MYpPaBBbs IO TPEYTONBHON PEIIeTKE.

ABtopsl npusHaTensHel E.A. MIBaHOBOH 3a MOAAEPKKY U

IIOJIC3HBIC 3aMCYaHU.

Asmopbi
Mocksa, oxmsabps, 2021



§ 1. OnHocTopoHHUIT MypaBeii.
IlyremecTsre B NPOTHBOIOJIOKHBIN YroJ1
NPSAMOYT0JIbHOM peleTKu

B aTom maparpade Mbl pacCMOTPUM KIIACCUYECKYIO 3372y
00 OJIHOCTOPOHHEM MYpaBbe, KOTOPOMY pa3pelieHO JBHIaThCs
TOJILKO BBEPX MJIM BIIPABO.

3apnaua 1.1. Oounocmopounuii mypaseti cuoum 8 J1e60M
HUJICHEM Y2y NPAMOY2OAbHOU peuiemru pasmepom mXk u
00J194CeH NONACMb 8 NPABLIU 8epXHULL V2o pewemku. /[na onpe-
OENeHHOCIU PACCMOMPUM  CIYYall peulemku pasmepom X3
(cm. puc. 1).

Cnpawueaemcs: CKOIbKUMU CHOCOOAMU OOHOCMOPOHHULL
Mypagetl Modicem NONacmy U3 1e6020 HUIICHe20 yeld 6 Npasbill
8epxHull y2on peutemxu?

Puc. 1

3ameuanue. 31eCh U B JajibHEHIIEM, TOBOPS O pELIETKE
pa3MepoM m Xk, Mbl OyieM TOHUMATh TIOJ] /71 IMUPUHY PEIICTKH,
a oz k — ee BoIcoTy. (KommdecTBO y3II0B TaKOH PEIIeTKH, Ove-
BHJHO, paBHO (m + 1)(k+ 1).)

3ameuanue. MHoraa sty 3amady (GOpMyIUpPYIOT B Cleay-
IOLIeM SKBUBAICHTHOM BHIe. OOBIKHOBEHHBIH (HE OIHOCTO-
POHHMIT) MypaBeil CUANUT B JEBOM HIDKHEM YIJIy PELIETKH pa3-
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MepoM mXk W JIOJKEH MOMAacTh B MpaBBbId BEPXHHUM yros pe-
meTkH. CKOJIBKO CYIIECTBYET PAa3IMYHbIX KpaTHalIINX MyTel y
MypaBbs?

Hawm, onnako, Oyzer ynoOHee MpUAEpKUBATbCS MCXOAHOM
[IOCTAHOBKH 3a/1a41 O MyPaBbe€ M CUUTATh €r0 OAHOCTOPOHHUM.

3ameuanue. B mampHeleM 11000# MapIipyT, MPOTIOKEH-
HBII TI0 3BEHBSIM PEIICTKH, MBI OYZeM Ha3bIBaTh OONYCMUMBIM,
€cIii ero n3o0pakeHue MmpeacTaBiieT codoi rpaduk HeyObBa-
IoIIeil cTymeHYaTol (QyHKIHUU (MMEeT BHI JIECTHUIEI, ITOTHHU-
Maronielcst NP JBIKCHUH CIICBa HAIIPABO).

Pemienue. Ota 3agaya MHTEpEeCHa TEM, YTO B HEH JIETKO
JIaTh UHTYUTUBHO SICHBI MTHOBEHHBIH OTBET, HO YOCIUTEIILHO
000CHOBATH €T0 3HAYUTEIILHO TPYIAHEE.

Hrak, nmepBoe, 4TO MBI 3aME€4acM — 3TO TO, YTO MYpPAaBbIO
(cMm. puc. 1) anst nonazaHus U3 JIEBOTO HUYKHETO yIjia PeIIeTKH
B IIPaBbI BEPXHHUU YroJI IPUIETCS MPONTH POBHO IO BOCHBMU
3BEHBSIM pemeTku (8 = 5 + 3). OueBHAHO TaK)Ke, YTO 3BECHBS
PELIETKH, 0 KOTOPHIM NMPONAET MypaBell (Kakoil Obl momycTu-
MBI MapuIpyT OH HHU BBIOpai), OyIyT €CTeCTBEHHBIM 00pa3oM
YIHOPSIIOYEHB], B COOTBETCTBHH C OYEPEIHOCTBIO X IPOXOK-
JCHUYSL.

Wrak, 3BeHBs penieTku, M0 KOTOPHIM MOXKET IPOHTH Mypa-
Bel, 00pa3yroT ymopsAaodeHHbI Habop (koprex). OnHaKo Ko-
JIUYECTBO TAKHUX OMYyCTHMBIX KOPTEXEHW He yAaeTcss BBIYHC-
JUTH TP TIOMOIIY TpaBWIiIa MpousBeneHus. [leiicTBuTensHO, B
JIF000M U3 y3JI0B PEUIETKH, PacIoN0KEHHBIX Ha €€ BepXHell 1in
MpaBOi CTOPOHE, Y MypaBbsl CYIIECTBYeT He Oojiee OJHOTO Ba-
puaHTa ans BBIOOpa HanmbHeimero mytd. B To ke Bpems, B
OCTaJIbHBIX Y3JIaX PCHICTKH TAKHUX BAPHAHTOB Yy HAHIICTO0 OAHO-
CTOPOHHETO MYpaBbsi UMEETCS B TOYHOCTH 2. B pesynbrarte
MOJKET BO3HUKHYTH BIIEUATJIICHHE, YTO 3ajaya «HE pelaeTcs B
OHO I[Cf/iCTBPIG)) u Tpe6yeT KaKHX-TO CJIOXKHBIX BBIKJIAaIO0K.
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Opnako 310 He Tak. IToka)keM, 4TO OTBET K IOCTaBJIEHHOMN
3a/1a4€ — 3TO B TOYHOCTH YHUCIIO COUYETAHUNI U3 8 3IIEMEHTOB 110 3.
Htak, OTBET JOBOJBHO HEOXKUIAAHHBIM 00Pa3oM OKa3bIBACTCS
YKCIIOM COYETaHWH, T.€. YHCIOM ITOJMHOKECTB (HEYITOPsIO0-
YEeHHBIX COBOKYITHOCTEH), a He YhciIoM KopTexei. Kak ke 3To
00BSACHUTE?

[IpuBenemM, HakoOHEl, COOTBETCTBYIOLIEE pacCyXkACHUE.
Bregem B paccMoTpeHue 8 KapTOUYEK M MEPEHYMEPYEM UX UHUC-
gamu ot 1 go 8. 3arem TILATENIBHO NEpeMellaeM KapTOYKd U
BbIOEpEM M3 MHOXECTBA KapTOUEK TPEXJIEMEHTHOE MOAMHO-
KECTBO (KaKkHe-TO Tpu KapTouku). Ha kaxmoil u3 BBIOpaHHBIX
KapTOUeK HapHCyeM CTPEJIKY, HallpaBJICHHYIO BBEPX.

Tenepb pa3yiokuM HaIIK KAPTOUKH IO MOPAAKY (B COOTBET-
CTBUM C UX HOMEPAaMH) M CONOCTABUM Pa3JIOKEHHBINA PsIl Kap-
TOYEK MapupyTy Mypasbs. (KapTouku co CTpeNKoi yKa3bIBarOT
Ha JIBWXKCHUE BBEPX MO 3BEHY PEIIETKH, OCTANbHBIC KAPTOUKH
0003HAYAIOT JIBUKCHHE 10 TOPU30HTaNM.) HeTpyaHO BHICTH,
YTO yCTaHABIMBAEMOE TaKHUM 0O0pPa30M COOTBETCTBHE MEXKIY
JOTTYCTUMBIMHA MapIIPyTaMUd MYpPaBbsi U Pa3loKCHHBIMH HA00-
paMH KapTOYEeK SBIISETCS B3aUMHO OJHO3HAYHBIM. TeM caMbIM
[IPUBEACHHBIA BBIIIE OTBET IS YMCIIA JOIMYCTUMBIX MapIupy-
TOB 00OCHOBAH.

3ameuanue. B o0meM ciydae mpSMOYTOINBHOW PEIIETKH
pasMepoM mXk OTBET K 3ajaye JAeTcs YHCIOM COYETaHUi
Ck _ Cm

m+k — m+k-

[ToguepkHeM, uTO YKCa m W k BXOIAT B OTBET K 3amaue 1.1
CUMMETPUYHBIM 00Pa30M; 3TO BIIOJHE €CTECTBEHHO, TIOCKOJIBKY
OUYEBUHO, YTO €CJIM B YCIOBUH 3a/a4M M U k TIOMEHATh MeCTa-
MU, OTBET HE JOIKEH U3MEHUTHCS.

3ameuanue. Emre onrH MOAX0M K PEMICHUIO MOAOOHBIX 3a-
J1ad MOKHO HalTH, Hanpumep, B [6].



§ 2. Yucaa ¢ Bo3pacTtalomiumMu nuppamMu

31eck MBI, ISl TOJTHOTHI KapTHHBI, PACCMOTPUM €I OIHY
W3BECTHYIO 3allady, TJe KOJIMYECTBO KOPTEXKEW TOXKe IMOACUH-
TBIBAETCS KaK KOJMYECTBO MOJMHOXKECTB (T.€. KOJIMYECTBO
HEYTOPSIOYEHHBIX HA0OPOB).

3anaua 2.1. Ckonvko cyujecmgyem uleCmusHayHulX yucel,
Y KOMOP®IX Yudpvl pacnoiodceHvl Cmpoeo 8 nopsioKe 803pac-
manus?

Pemenne. 3ameTuM, mpexie BCEro, 4TO B 3allMCHU WHTepe-
CYIOUIMX HAC IIECTH3HAYHBIX YHCET HE MOXET NPUCYTCTBOBATh
HONb (3TO OYEBHIOHO, IOCKOJBKY 3allUCh YHCIa HE MOXKET
HA4YMHATHCS C HYJIA, @ BCe OCTalbHbIE MECTa OKa3bIBAIOTCS NI
HYJISl «3alpelieHHbIMI»). OUeBUAHO TaKXKe, YTO KaXKAoe Iie-
CTH3HAYHOE YHCJIO — 3TO YHOPSOOYEHHBIH HaOop mudp, T.e.
kopTexk. OJTHAKO CHOBA, KaK M B NpeAbIIyIeM naparpade, mpa-
BWJIO MPOU3BEACHUS IS MOJCUETa WHTEPECYIOIUX HAC KOpTe-
XKel HelpuMeHuMo. JleficTBUTeNbHO, eciiu nepBas nudpa B 3a-
IIUCH Yuclia — 3T0 1, TO 1 BeIOOpa BTOPON LUGPhI IPUTOIHBI
yeThIpe BapuanTa — mudpsl 2, 3, 4, 5. Ecnu e B kauecTBe mep-
BOH u(pHI B3Th, HanIpuUMep, HUQpy 4, To A BEIOOpa BTOpO
nudpHl CYLIIECTBYET €AMHCTBEHHAS BO3MOXKHOCTh — Ludpa 5.

Tem He MeHee, 3a1aua pelniaeTcs «B OJHO AeiicTBue». Jlei-
CTBUTEIFHO, BO3BMEM JEBITh KAPTOUEK W 3aHYMEPYeM HX UYHC-
namu oT 1 10 9. 3aTem meperacyem MX M BBIOEpEM IIECTHRIIC-
MEHTHOE TIOJJMHOXECTBO M3 MHOXECTBA HAIINX KapTOYeK.

HetpynHo moHSTH, YTO TaKMX IIECTUJIEMEHTHBIX IOJMHO-
xecTB uMeercs poHO C’ = 9:8-7/3! mTyk. OHAKO, pacKIabl-
Bas BHIOpaHHBIE KApTOYKM B IMOPSJIKE BO3pACTaHHUSA HAIHCAH-
HBIX Ha HUX OUQpP, 3aMedaeM, 4TO MEXIy O0-3JeMEHTHBIMU
MIOJMHO)KECTBAMH HAIIIEr0 MHOXECTBA KAPTOUEK M IIECTU3HAY-
HBIMU YHCJIAMHU, Y KOTOPHIX HU(PHI PACIOIOXKEHBI B MOPSIKE



BO3pacTaHUs, MMEETCS] B3aWMHO-OJHO3HAUYHOE COOTBETCTBHE.
Takum oOpa3oM, OTBET B Hallel 3agade — 3TO YHUCIO COYeTa-
HUH C69.

3ameuanue. OOpaTuM BHHUMaHHE YUTATENs HA TO, YTO 3a-
nada 2.1 u aHanmoru4HbIe eif (C APYTUMHU YHCIOBBIMH JTAHHBIMH)
(akTHUECKH OTHOCATCS K Kiaccy 3amad 1.1, XoTs uzomoppusm
(moyHOE CXOZCTBO) COOTBETCTBYIOIIUX IpYT APYry 3ajgad Ha
MEPBbINA B3I HE OUEBUIEH.

3ameuanue. B o0meM ciyuae, eclid pa3pemaeTcss UCIoIb-
30BaTh MUGPHI U3 Habopa, coaepxaimero k nudp, KOINIeCTBO
¢-3HaYHBIX YUCENl, Y KOTOPBIX HU(PHI PACIIOIOKEHBI B TOPAIKE
Bo3pacranus, pasHo C'; (31ech ¢ < k).

Bor eiie ogHa Bapuaiys Ha 3Ty TEMY.

3apmaua 2.2. Umeemcs Oessimb OYMAJICHLIX KAPMOUEK C
HAnRUCaHubIMU Ha HUx yugpamu om 1 00 9.

a) CKObKO MOJICHO COCMABUMb U3 IMUX KAPMOUEK 0essi-
MUSHAYHBIX YUCET, V KOMOPbIX 3HAYEHUS Yu@pp Cmpoeo 603-
pacmaiom @nioms 00 cepeounsl 3anUCH, a 3amem Cmpozo youl-
saiom?

6) Tom oice eonpoc, eciu COCMABIAIOMCS CEMUSHAUHbIE
yucaa.



§ 3. OnHocTopoHHUIT MypaBeii.
IlyTemecTBue K NPOTUBOINOJIOKHON CTOPOHE
NPSAMOYT0JIbHOM peleTKu

B »ToM maparpade Mbl paccMOTpuM 0oJice CIOXKHYIO CHUTY-
anuio, 9em B § 1.

3agaua 3.1. Odnocmoponnuii mypaseii cuoum 6 Jjlegom
HUDICHEM Yy NpAMOY201bHOU peulemKu pasmepom mXk. [ns
ONpeoenNeHHOCmuU  CHO8A PACCMAMPUBAEM CAYHAU PeuemKu
pasmepom 5X3 (cm. puc. 2). Cnpawugaemcs: CKOAbKUMU CHO-
cobamu 00OHOCMOPOHHULL Mypaseti Modcem 000pamvbCs U3 1e60-
20 HUJICHE20 Y2id 00 Npagou CIMOPOHbl peuemKu?

3ameuanue. Ha 3TOT pa3 MapmpyThl HaIETO OJHOCTOPOH-
HEr0 MypaBbsl yXKe HE OyAyT BCE UMETh OJHHAKOBYIO JUIHHY
(1 Bce, KpOMe OJIHOTO — TOPU3OHTAIBLHOTO — HE OYyIyT KpaT-
JaRTIIIMH ).

A H

A G

B = = F

L. . l E
Puc. 2

Pemrenne. 3aMeTHM, 4TO KaXXAOMY JAOMYCTUMOMY MapIIpy-
Ty W3 JIEBOTO HIDKHETO YyIJIA JI0 IIPABOM CTOPOHBI PEILETKH CO-
OTBETCTBYET POBHO OJMH JONYCTUMBIH MapuIpyT U3 JIEBOIO
HIDKHETO YyTJia B TpaBblil BepXHUil yroia pemerku. OOparHoe,
OoueBUAHO, Takxke BepHo. (Ha puc. 2 mapmpyty AG cooTBeT-
ctByeT MapipyT AGH.)
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Takum 006pa3oM, YKCIO AOMYCTUMBIX MapIIPyTOB B Harei
3aja4e mo-npexHeMy paBHO C'.y.

3agaua 3.2. Oonocmoporuuii  mypaseii cobupaemcst Ha-
uamy ceoe nymewecmsue Ha 0OHOM U3 Y3106 1eGOU CMOPOHbI
NpAMOY207IbHOU pewemky pazmepom mXk. [na onpedenenno-
CMuU CHOB8A paccmMampusaem CAyuai pewemrky pasmepom 5X3
(cm. puc. 3). Cnpawusaemcs: cKOAbKO pasiuyHblX Mapupymos
MOdHCEm NPONOIHCUMb OOHOCHIOPOHHULL Mypaseli om Jieot Cmo-
POHbL 00 NPasoll CMOPOHLL peutemru?

Pemenne. 3amMeTuM, 4TO KOXKJIOMY JOMYCTUMOMY MapIipy-
Ty W3 JIF000TO y371a JIEBOH CTOPOHBI PEIIETKH JI0 MPaBOH CTOPO-
HBI PEIIETKH COOTBETCTBYET POBHO OJIMH JIOMYyCTUMBIA Mapiil-
PYT W3 JIEBOrO HIDKHErO0 yrjia B TMpaBblii BEPXHUH Yroi
pemetku. OOpaTHOE, OdYeBHAHO, Takxke BepHo. (Ha pwmc. 3
mapmipyty BG coorBeTcTByeT MapimpyT ABGH.)

Takum 00pa3oM, YUCIIO JOIMYCTUMBIX MapIIpyTOB B Harrei
3aj[a4e ¥ Ha 9TOT Pa3 OKa3biBaeTcst paBHBIM Cly.y.

D H

C —

B — F

f E
Puc. 3
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§ 4. Yucaa ¢ HeyObIBalOuMHu HuppamMu

PaccmoTpum Temnepp 3ajavy, aHaJIOrH4YHYIO 3anade 2.1, 3a-
MEHHB Tenepb TpeOboBaHHWE Bo3pacTaHHs LUQp Oonee MATKUM
TpeOoBaHNEM HEyOBIBaHUS.

3anaua 4.1. Cronvko cywecmgyem t-3HaunblX yucen, y Ko-
MOPBLIX YUPPsl pacnonodicevt 6 nopsioke Heyowisanus? (Paz-
peutaemest ucnonb30eams eéce yugpovt om 1 00 9.)

Pemenue. Ceifuac Mbl yBUANM, YTO CXOJCTBO 3amauu 4.1
(n aHaOrMYHBIX €i) ¢ KIaccoM 3axad 3.1 JIeKUT Ha TOBEPXHO-
CTH; CM. puc. 4.

S NW OO N ®O

Puc. 4. 300paxeHHOMY MapLIpyTy COOTBETCTBYET IIECTU3HAYHOE
yucno 236778

O4eBHIHO, YTO MOMYyCTHMBIE MapLIpyThl Ha puc. 4 — 3TO
TENeph (WISCTHULBD CO CTYNEHbKAMHU DPA3JIMYHOM IJUHBI, Be-
IyIIAE OT JIEBOM CTOPOHBI PELIETKU K IIPABOW CTOPOHE pelIeT-
KH. B cioyuae #-3Ha4HOTO 4Kcia KOMMYECTBO TAKMX MapIIPyTOB
B PEIIETKE pa3MepoM ¢X 8, OUEBUIHO, OyIET paBHO C8,+8 =\

3anaua 4.2. Ckoabko cywjecmayem t-3HAYHLIX YUCe, ) KO-
MmopulX  yughpvl  pacnonodiceHvl 8 Nopsaoke HeyOvlBaHUA?
(Paspewaemcs ucnonvzosams yugpsl uz Habopa, cooepoicauje-

20 kyugp.)

Pemenne. [lo ananorum c npenpiaylied 3anadyeid MOXKHO
cpasy HammcaTh oTBet: Chrl = CL ;.

12



3ameuanue. HerpynHo BUAEeTh, 4TO IpH JIIOO0M t, GOIb-
meM 1,
t t
Ctir-1>Ch
(KOMMYeCTBO #-3HAYHBIX YHCEN C HeyObBarOIIMMU mH(pamMu

OoJIbllIe KOJIMYECTBA #-3HAUYHBIX YHCEI ¢ BO3PACTAIOIIUMHE IH(D-
pamu).

IIpumep. IloacunraeM HENMOCPEACTBEHHO, CKOJBKO CYIIlE-
CTBYET TPEX3HAYHBIX YHCEN, 3alHCHIBAEMBIX C TOMOIIBIO JABYX
uudp 3 u 7 TIpu ycloBHHU, YTO IUQPHI B 3aKCH YHCIa Pacio-
JIOKEHBI B TIOPsIIKE HEeyObIBaHUA.

Nmeem:
333,337,377, 777.

B cooTBeTcTBUM ¢ BBIBEACHHOU BbIlIe (HOpMyIIOH, KojHue-
1
CTBO pacCMaTPUBAEMBIX YUCEN 0Ka3aloCch paBHO 4 = C 344.

Eme npumep. [lomcuutaeM HEMOCPEICTBEHHO, CKOJBKO
CYIIECTBYET TPEX3HAYHBIX YWCEII, 3aMUCHIBAEMBIX C TTOMOIIBIO
Tpex udp 1, 2 1 7 npu yCIOBHUH, YTO IMUMPHI B 3aIHCH YUCITA
PACIMOIOKEHBI B OPSIIKE HEYObIBAHUSI.

Nwmeem, pacrionarast caMu 4ncia B MOPSAIKE BO3PACTaHMS:
111; 112; 117; 122; 127; 177; 222; 227, 277; 777.

B cooTBercTBHM C BBIBEAECHHOH BbIILE (HOPMYJIOH, KOJIHYE-
2
CTBO paccMaTPHUBAEMBIX YHCEN 0Ka3ajaochk paBHO 10 = C34s.
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§ 5. Memkn kaKk MHOKeCTBa
€ OTHOLIEHHEM OJMHAKOBOCTH

[MonsaTne «Memok» OBUIO BBEACHO B KypC IIKOJBHOM
uHpopmatuku A.Jl. CeMEHOBBIM; MO-BHIMMOMY, OHO IOYTH
CTOJb JX€ (yHZaMEHTaNbHO, KaK MOHATHE «MHOXXECTBOY.
O TOM, KakMe KOJUIM3UM BO3HHUKAIOT NMPU OJHOBPEMEHHOM HC-
[I0JIb30BAaHUM ITHX IBYX MOHSITHH, MOXXHO IIPOYECTb, HAIPH-
mep, B [1]u [2].

Ham 6yz[eT y,[[06HO CUUTaTh, YTO MCIIOK — 3TO MHOXXCCTBO,
Ha J3JICMCHTAaX KOTOPOIro OHmpCACICHO OTHOLICHUC 00UHAKOBO-
cmu.

IToscaum paeiicTBue 3Toro otHomieHus. Hanpumep, B criop-
TUBHOM CyMKe JIE)KAT HECKOJIBKO HOBBIX IIAPUKOB OT HACTOIb-
HOTO TEHHHCA. DTH MIAPUKH HEOTIUYUMBI APYT OT Apyra, U IMo-
9TOMy — OAWHAKOBHL. Ecnm Ha HHX HaHeCTH (roMacTtepom
pasnuYHBIe METKH (HampuMep, HOMepa), TO HIAPUKH TepecTa-
HYT OBITH OJTUHAKOBBIMH.

Bynem, cnenys A.JI. CemeHOBY, CUUTaTh, UTO 06a Mewika A
u B oounakoewl, ecimm MeXIy WX SJIEMEHTaMH MOXHO YCTaHO-
BUTH B3aWMHO-OJJHO3HAYHO COOTBETCTBHE, NPU KOTOPOM 3JIe-
MEHTHI MeIIKa A OJWHAKOBBI C COOTBETCTBYIOLIMMHU UM 3Jie-
MEHTaMH Melika B.

Menky OKa3anuch Ype3BbUAiHO YAOOHBIM CPEICTBOM UL
pa3BUTHA y JeTel (a TakKe y CTYICHTOB NMEIUHCTUTYTOB) yMe-
HUS OCYIIECTBIIATH IeJIEHANPaBICHHbIN epedop 00BEKTOB MPHU
IIOMOILY TIOCTPOEHUS depesbes nepebopa. Pucyst Takoe nepeso,
BaXHO YMETh IIPAaBWIBHO HOCTaBHUTH BONpoc (Win chopmyiu-
pOoBaTh MPHUHIINII), COTJIACHO KOTOPOMY 3TO JI€PEeBO OYyIET BeT-
BUTBCSL.

PaccMoTpum, HammpuMep, TaKyo 3a/1a4y.
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3apaua 5.1. B mewke naxooamcs 3 00UHAKOBLIX OYyMAdiC-
Hblx Kpyea. Kaowcowili kpye oondicer Obimb ROKpauier 6 0OUH U3
mpex Caeodyiouux yeemos. KpacHuli, 3eienbi, curuu. Tpeby-
emcsl nepesuciumy 6Ce 603MOJICHbIE PACKPACKU.

Ha puc. 5 n300pakeHO COOTBETCTBYIOIIEE AEPEBO mepedo-
pa. Kak BUJHO U3 3TOr0 pUCYHKA, BCETO Pa3IMYHBIX PACKPACOK,
YIAOBJICTBOPSIOIINX YCIOBUAM 3a1a4u, poBHO 10.

Ok 1K 2K 3K CKONBKO KPaCHBIX?
N /I N
0313 23 33 03 13 23 03 13 CKOnbKO 3eneHbIX?
U A A B
3c 2c 1c 2c 1c 1c CKOMBKO CUHUX?

Ler

Puc. 5

3aech cienyeT OTMETUTh, YTO JaXKe IS HallleH MOJEIbHON
3a/1auu TIEPEUMCIICHUE C MOMOINBIO JepeBa mepebopa pazmud-
HBIX PacKpacoK MemIKa (WM, 4TO TO e caMoe, IepPeUUCIICHUE
Pa3IUYHBIX OOpPa3yIONIMXCS MEIIKOB) OKAa3bIBACTCS JTOBOJIBHO
TPOMO3TKHM.

Ecnu OBl B MellIke HaXOIHJIOCH OOJIbIe (GUTYp H, TeM 00-
Jiee, ecii Obl 3TH (UTYPBI MPUHAAICIKATN K HECKOJIBKUM pas-
JUYHBIM KJaccaMm, JepeBO Mepedopa BIOJHE MOTJIO Obl BBIUTH
3a mpeJesbl 0yMaKHOTO JTUCTA U CIENAThCsl HeyTOOHBIM U TLIO-
X0 0003pHUMEIM.

B cnenyromem naparpade MbI pazdepeM HHOM crioco0 rie-
pebopa, OCHOBaHHBIM Ha MPUCBOCHUHM MEIIKaM YAOOHBIX IS
pabOTHI ¢ HUMH YHCIIOBBIX HOMEPOB.

15



* sk sk

B 3akiouenue 3Toro maparpada mpuBeneM eIe JBe 3aja-
yu. PakTHYECKH pedb MOWIET O crocobax MOJCUeTa MEIIKOB,
COJIEpIKAIIINX HE TEOMETPHUECKUE QUTYPBI, a YKCIIa.

3anaua 5.2. Cronvkumu cnocobamu ModiCHO Npedcmasums
yucno «10» 6 éude cymmvl mpex HONAPHO PASIUHHBIX Clazde-
muix? ([lopsadox crazaemvix He umeem 3HAYEHUsL.)

Pemenne. bynem nepeuncnars Bce AOMyCTHMBIE pas3Oue-
HUS, pacnoJjaras ciaraeMble o yObIBaHuio. MimMeem:

10=7+2+1,;

10=6+3+1;
10=5+4+1;
10=5+3+2.

Hpyrux mpenctaBneHuid uncna «10» B BUAE CyMMBI Tpex
Pa3NMUYHBIX ClIaraeMbIX HE CyllecTByeT. MTak, MHTepecyIomux
Hac MpeICTaBICHUI OKa3anoch Bcero 4ersipe. [IpeanoxeHHbIi
MpoIIecC HEeMOCPEICTBEHHOTO «JIMHEHHOT0» Mepedopa yCTpoeH
JOCTaTOYHO MPOCTO, OJHAKO, B CiIydae OOJBIIUX YHCEN UMEET
CMBICJI IPUBIIEKATh KOMOWHATOPHBIE COOOPAXKEHHSL.

3agaua 5.3. Cxoabkumu cnocobamu MONCHO NPEOCMAGUMb
yucno «1001» 6 sude cymmuvl mpex NONAPHO PA3TUUHBIX ClA2a-
emvix? ([lopadok crazaemvix He umeem 3HAYEHUSL.)

Omeem: [C21OOO, 3x500]/3! cmocobamm.
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§ 6. Kak qyunie nepeHymepoBathb
packpanieHHble MeIIKU?

Paccmorpum 3ajady, aHaJOTMYHYKO TEM, KOTOpBIE NaBall
B CBOEM Kypce Maremaruku W wuHpopmatuku B MIITY
Al CemeHOB.

3agaua 6.1. B mewke nHaxoosamess 5 00uHaKosvlx Oymadic-
HbIX MpeyeorvHuUKo8, 3 00UHAKOBLIX OYMAJNCHLIX Keaopama u
2 00uHakogwvix Oymasxcuvix kpyea (cm. puc. 6). Kascoas uz gu-
2yp, HAX00awWuxcsa 6 meuwKe, O0JIICHA ObIMb NOKPAUEHA 8 0OUH
u3 mpex ysemog: KpacHuili, 3enemsviti, cunuil. CKOabKO cyuje-
cmeyem pasiuyHblX PACKPACOK MeuKa?

Puc. 6

3ameuanue. [Ipexse, yeM MepexoauTh HEMOCPEACTBEHHO K
penieHuto 3agauun 6.1, 3aMeTHM, 4TO IMOCTPOCHUE JepeBa mepe-
0opa, B MPHUHIIMIIE, IIO3BOJISICT HE TOJIBKO OTBETHTh Ha BOMPOC
3a]a4u, HO U MEPEUYHCIIUTL BCE BAPHAHTHI packpacok. OIHaKoO B
JAaHHOM 3ajaue JepeBo rnepedopa yke He yMEIIaeTcsl Ha CTaH-
JApTHOM OYMaXHOM JIUCTE, U IOJb30BAThCSI UM HE CJIMIIKOM
yA0OHO.
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Wpnest cocTouT B TOM, YTOOBI NEPEHYMEPOBATh BO3MOXKHEIC
pacKpacKy MEIIKOB M CIeNaTh 3TO TaK, 4TOOBI IO HOMEpY pac-
KpAIlICHHOTO MEIIKa JIETKO CUMUTHIBAJIICS €TO COCTaB. 3aTeM HO-
Mepa MEIIKOB YXe OyJeT HeTPYIHO PACIIOJIOKUTHh B TOPSIKE
BO3pacTaHus (MIN YOBIBAaHUS).

3aMeTUM Temepb, YTO, IOCKOJIBKY (UTYpHl B MEIIKE HE
YIOPSAOYEHB! (B COOTBETCTBHM C OMNpEACTICHHEM MEIIKa), UX
MOXHO — eIlle IO NPOLEAYyPbl pacKpalluBaHus — PACIOJI0KUTh
B JTF000M yI0OHOM 17151 HAac (PUKCHPOBAHHOM ITOPSIIKE.

BriOepem, Hampumep, NOPSIOOK pPAaclojoXeHus ¢uryp,
n300pakeHHBI Ha puc. 7. B BepxHell yacTu Melka Crpymiu-
pOBaHbl TPEYTOJIBHUKH, B €r0 CpEeJHEHd 4YacTh — KBaJparTsl,
a BHU3Y — KPYTH.

(AA A
A A

10O 0O
OO

Puc. 7

Ceifuac MBI, HAaKOHEI, TTOATOTOBJICHBI K PEIICHHUIO ITOCTaB-
JIEHHOH 3aJ1a4H.

Pemenne. ConocTaBuM KakJIOMy pacKpalleHHOMY MEIIKY
JIecsITU3HayHoe (M0 KOJWYeCTBY (UIyp B MEIIKEe) YHUCIIO.
Crapmue maTh pa3psaoB OTBEIEM «IIOJ TPEYTOJIBHUKH», Clle-
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AYIOIIUE 3a HUMHU TPHU paspdaa — «I104 KBaApaTbD», Ba OCTaB-
MMNXCA MIIAAIINX pa3pAada — K04 KPpyIrum».

Pazbepemcst BHauase co CTapIIUMU pa3psaaMH; CUTYalHs C
OCTaJIbHBIMH pa3psiaMu MPOSICHUTCS IO aHAJIOTHH.

Utak, kpacHOMY TpeyroJIbHHKY cOmocTaBisieM nudpy «1»,
3ereHoMy — Py «2», cuHeMy — mudpy «3» U pacnoiaraeMm
B IITU CTapUIMX pa3psaax 3T UHGPEl 6 nopsaoke Heyoblea-
Hus (1).

3ameuanue. HeynopsinoueHHslit Habop u3 Tpex uudp

{1,2,3} (*)
ObUT BBIOPaH HAaMH TPOU3BOJIBHBIM 00pa30M; BMECTO HETO
MOKHO OBLIO HCIIOJIb30BAaTh HEYMOPSAOUYEHHBIH HaOOp U3 JIIO-
OBIX JPYTUX Tpex LUPp.

Temneps, mocne MPUHATOTO COTIANICHHWS, 3alHCh (B ISATH
CTapIINX pa3psaax)

6yz[eT O3HadyaTb, 4YTO B MCIIKE HAXOAUTCS 5 KpacCHBbIX TpeE-
YTOJIBHHUKOB, a 3allUCh

— YTO B MENIKE OJIMH KPACHBIM TPEYTOJbHUK, TPU 3EJCHBIX U
OJIVH CUHUH.

Temu xe muadpamu «1», «2» u «3» KogupyeM IBeTa KBa-
pPaToOB U KPYTOB.

Hanpumep, 3amuco

1333322213

03HAuYaeT, YTO B MEIIKE OJUH KPacHBIH U YEThIpe CHHHUX Tpe-
YrOJBHUKA, TPU 3€JCHBIX KBaJparTa, OJUH KPAaCHBIM U OJUH CH-
HUM KpYT.
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Terepb MBI MOXEM OTBETHTH Ha BOMPOC 3a/1a4d, OIHPAsICh
Ha pe3ynbTar 3aga4uu 4.2 u3 § 2. meem:

a) KOJMMYECTBO MATH3HAYHBIX YHCEN, JUIS 3alHMCH KOTOPBIX
MOXHO HCIIOIB30BaTh TOIRKO IU(dpsl U3 Habopa (*) pacmoro-
2
JKEHHBIC B MOPsAKE HEyObIBaHuUs, paBHO C 7;

0) KOIMYECTBO TPEX3HAUHBIX YHCEN, JUIA 3alHMCH KOTOPBIX
pa3pelieHo MCIoIb30BaTh TOJABKO HUGPHI U3 Habopa (*), pac-
TI0JIOXKEHHbIE B TIOpsIKe HeyObiBanus, paBHo C’s;

B) KOJIMYECTBO ABY3HAUHBIX YUCCI, MJIA 3aIllMCU KOTOPBIX
pa3pelieHo KCIob30BaTh TONBKO 1uppel U3 Habopa (*), pac-
TIOJIOKEHHBIE B TIOPS/IKE HeyObIBaH s, paBHO C2y.

B pesynbTare 4yMcno pa3iMYHBIX PACKPACOK paccMaTpuBae-
MOTO MEIITKa OKa3bIBAETCS PABHBIM MIPOHU3BEICHHIO

2 2 2
CHC5Cy

(MBI BOCTIONTB30BAJIMCh M3BECTHBIM M3 KOMOWHATOPHKH HpAGU-

JIOM npou38edeHuUsl).

3ameuanue. DaKTHUECKH, JCCATU3HAYHBIC YUCIIA, MTPUITH-
CaHHBIC pacKpackaM MeIlKa, SBISIOTCS WX HoMepamu. Pacrona-
ras 3TH HOMepa B MOPSKE BO3PACTAHUSA U TPOSIBISIS MIPU 3TOM
JOJDKHYIO BHUMATEIbHOCTh, MOYKHO MEPEYHCIUTh BCEBO3MOXK-
HBIC PACKPACKH pacCMaTPUBACMOTO MEIIKA.

3ameuanue. B o0mem cnyyae, eciii B MEUIKE UMEETCSl m
OJMHAKOBBIX (PUT'Yp MEPBOTO TUMA, N OAMHAKOBHIX (UTYp BTO-
poOro THIA,..., ¥ ONIMHAKOBEIX (UTYp MOCIEIHEero THUMNa u k pas-
JMYHBIX KPAcOK, KOTOPhIE MOXHO HCIIOJIB30BATh, TO YHCIIO BCE-
BO3MOXHBIX Ppa3IWYHBIX pACKpacoK MelKa OyIeT paBHO
IIPOM3BEIECHUIO YHCEN COUSTAHUM:

k-1 k-1 k-1 *%
Cm+k—1cn+k—1 -”Cr+k—1' ( )

20



B wactHocTH, ecnu k = 2, T.e. B HallleM pacHOpsLKEHUU
MMEIOTCS BCETrO JBE KpacKW, BeIpakeHHe (**) okaspiBaeTCs
paBHBIM npousBeaenuto (m + 1)(n+ 1) ... (r +1).

YnpaxxkHenne. B Memike conep urcs m OIWHAKOBBIX Tpe-
YTOJNBHUKOB M CTOJIBKO K€ OJMHAKOBBIX KBaaparoB. Ywucio
KpacoK, KOTOPBIMH MOKHO HOJIb30BaThCs, PACKpaluBas Qury-
pBI U3 MelIKa, paBHO k. M3BecTHO Takxke, uto m + k = 20. loka-
3aTh, YTO YHCJIO PAa3TUYHBIX BO3MOMKHBIX PACKpacOK MeIIKa
nenurcs Ha 361.

3agaua 6.2. B mewke Haxooumcsi 7 00UHAKOBBIX OYyMaAdic-
HBIX KPY208, KadicOovlll U3 KOMOPbIX pazoeier Ha 08d NOLYKpyaed.
Kpyeu oonorcuvl 6bims noanocmvio oxpauienvl, npuuem paspe-
uiaemcs noib308amMbCsl KPACHOU, 3€/1eHOU U JHCelmotl KpacKou.
Kpome mozo, xascoviii nonykpye oxpawusaemcs 6 ceoli yeem
nezasucumo. CKOIbKO cyujecmeyem pasiudHblx cnocobos pac-
KPAcKU co0epacuUMoco mewxa?
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§ 7. llepeunciieHne pacKpacok
¢ OrpAaHUYEHUSIMH

B ciyuae, xorna Ha packpacKy 3J€MEHTOB MeIKa Hajara-
I0TCSl AOTIONIHUTENbHBIE OorpaHuyenus, popmyna (**), oueBua-
HO, mepecTtaeT padorath. (BnpodeM, B 3TOM ciiyyae OHa MOXKET
OBITH HCIIOJIB30BaHA IJIsl OLEHKH CBEPXY 4YHCIIa BO3MOXKHBIX
packpacok.) PaccMoTpuM Tenepp yCIO)KHEHHYIO BEPCHIO 3aja-
qu 6.1 (takwe 3amaum npemiaraauch A.JI. CeMEHOBBIM B €ro
Kypce MaTeMaTuku U nHpopmaruku B MIIT'Y).

3agaua 7.1. B mewke nHaxoosmcss 5 00uHaxosvlx Oymaic-
HBIX MPEYonbHUKO08, 3 0OUHAKOBbIX OYMAJICHBIX Keéaopama u
2 00uHakogwvix Oymasxcuvix kpyea (cm. puc. 7). Kascoas uz gu-
2yp, HaxX00awuxcsa 6 meuike, 00JINHCHA DblMb NOKPAULEHA 8 OOUH
u3 mpex yeemosg: Kpacuwitl, 3enenviil, cunuil. CKOIbKO cyuje-
cmeyem paziuuHblX PACKPACOK MewKd, eciu 4UCIO KPACHBIX
Queyp 6 meuixe 00HCHO pasHamvcs 87

IlepBoe pemenne. B otnuuue ot 3anauu 6.1, Mbl, OUeBUI-
HO, HE MOKEM BOCIIONB30BaThCA (hopmyioit Buma (**) mmsa ot1-
BeTa Ha BOmpoc 3amadd. [loaToMy, MpUMEHSS Ty Ke KOTUPOBKY
JUISL PacKpacokK, U4To U B MPEIbIaylIeM Haparpade, Ha4HEM Iie-
pPEYHCIATh PACKPACKH B MOPSAKE BO3PACTAHMS HX JECSATU3HAY-
HBIX «(HOMEPOBY:

11111 111 22;
11111 111 23;
11111 111 33;
11111 112 12;
11111 112 13; (BHUMaHHE!)
11111 113 12;
11111 113 13; (BHUMaHHE!)
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11111 122 11;
11111 123 11;
11111 133 11; (BamManmue!)
11112 111 12;
11112 111 13; (BaEIManme!)
11112 112 11;
11112 113 11; (BamManme!)
11113 111 12;
11113 111 13;
11113 112 11;
11113 113 11;
11122 111 11;
11123 111 11;
11133 111 11.

Ha sToM mepedncieHne BO3MOXKHBIX PacKpacok, MOIYH-
HEHHBIX YCIIOBUSM 3a/ladyM, 3akaHuuBaeTcs. Bcero Ttakux pac-
Kpacok okazasnoch 21.

OTy ke 3aJa4y MOKHO OBUIO pelraTh, pUcys IepeBo Iepe-
6opa. Hmke Mb1 monmpoOyeM CKOMOMHUPOBATH 00a IMOAX0/1a.

Bropoe pemenue. [Ipexae Bcero, mocTpouM TalbHIly, B
KOTOPO#i (B CYITHOCTH, TakK ke, Kak 3TO JeNaeTCs MPU MOCTPOe-
HHAU JepeBa mepedbopa) pa3o0beM BCIO JOMYCTHMYIO COBOKYII-
HOCTh PAaCKpacoK Ha HECKOJIBKO KJIACCOB.
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Tabnuya 7.1

KoanuectBo | KoanuecrBo | KosmnuecTBo
Homep
KPacHBIX KPacHBIX KPacHBIX Hroro
cayydasi
TPeyroJibHUKOB | KBaJIpaToB KpYyros

Ne 1 5 3 0 8

Ne 2 5 2 1 8

Ne 3 5 1 2 8

Ne 4 4 3 1 8

No 5 4 2 2 8

Ne 6 3 3 2 8

Bce mrects ciyyaeB yaoOHO paccMaTpUBaTh OTAENBHO IPYT
oT apyra. Mrak, HauHeM NepeducysITh AOIMYyCTUMBIE PACKPACKU
MEIIKa.

Cnyuaii 1.

11111 111 22;
11111 111 23;
11111 111 33.
Cnyuaii 2.

11111 112 12;
11111 112 13;
11111 113 12;
11111 113 13.
Cnyuaii 3.

11111 122 11;
11111 123 11;
11111 133 11.
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Cnyuaii 4.

11112 111 12;
11112 111 13;
11113 111 12;
11113 111 13.
Cnyuaii 5.

11112 112 11;
11112 113 11;
11113 112 11;
11113 113 11.
Cnyuaii 6.

11122 111 11;
11123 111 11;
11133 111 11.

Takum 00pazoM, oOIee KOJMIECTBO PACKPACOK B PE3YIIb-
TaTe MPOBEJCHHOTO TMepecueTa CHOBA OKA3bIBACTCS PABHBIM
3+4+3+4+4+3=21.

3ameuanue. CrieayeT Mpu3HaTh, YTO TIEPBOE PEIICHHUE Tpe-
Oyet OoJiee HANPSHKEHHOTO BHUMAHUS, YeM BTOpoe. Bo3MoxHO,
YTO UMEHHO KOMOWHHMPOBAHHBIN MOAXO0J], UCIOIb30BAHHBIA BO
BTOPOM DEIICHUU, SBIISCTCS MPEANOYTUTEIbHBIM. OIHAKO, Ha
HAIll B3TJISI, TIPUEM W3 TIEPBOTO PEIICHUS IMOJIe3eH U caM Mo
cebe, Kak MHCTPYMEHT Pa3BUTHSI BHUMATEIBHOCTH.

3ameuanune. MOXXHO TPEICTAaBUTh ceOe CHTYAIHIO, KOTAa
KOJINYECTBO HCIONB3YeMbIX KpacoK Ooublie AeBsTd. Toraa
BMecTO (P NMpH HyMeparuu MEIIKOB UMEET CMBICT HCIHOJb-
30BaTh OYKBEI.
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§ 8. O0pyum u packpacku

B stom maparpade Mbl paccMOTpHM elle OAHY 3aJady O
packpackax, B KOTOPOH Ba)XHYIO pPOJIb CHITpaeT IepeceueHue
MHO>KECTB.

3anaua 8.1 (cMm. moxoxwue 3amayu B [2]). [Jano: na niocko-
cmu pacnonodicensvlt 06a oopyua A u B, paznuunvie no ceoemy
gHewnemy 6udy. Kpome moeo, emympu obpyueil nomeujeHvl
nsmMb 0OUHAKOGLIX MANIEHLKUX KPYeablX Quuiex, npuvem max,
umo eHympu obpyua A guuiex 6060e MeHvULe, YeM GHYMPU 00-
pyua B. Kaoxcoas guwxa dondcna 661mv HOKpaueHa 8 00UH u3
mpex ygemoa. KpacHulil, 3enenvii unu cunuu. Croavko cyuje-
cmeyem pasnuyHblX 8apUAHMO8 packpacku uuiex?

Pemenne. Curyanus, HW3JI0XKEHHAas B YCJIOBHM 3aJauw,
n3zobpaxkeHa Ha puc. 8.

A
Puc. 8

31ech, Mpexie BCero, BAKHO YCIOBHTHCS, KaKHe PACKPACKH
CIIelyeT CUMTATh OAMHAKOBBIMH. [IBe packpacku OyaeM cuu-
TaTh OJMHAKOBBIMH, €CIIH IIOCIIE TIEpeMEIeHNs (DUIICK BHYTPU
o0pyueil oJHa packpacka B TOYHOCTH MEPEXOIHUT B JPYIYIO;
npyu 3TOM (UIIKH HE MOTYT MEpPenphIrHBaTh depe3 OOpydH.
B pesynbpraTe cTaHOBUTCA SICHO, Y4TO (DAaKTHYECKH MBI HMEEM
JIeTI0 C TpeMs COpTaMH (PUILEK:
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—x copty Ne 1 oTHeceM (uIIKY, JISKAIYIO BHYTpU 00pyda
A, HO BHE 00pyH4a B;

—K copty Ne 2 oTHeceM (HIIKY, JISKAILYI0 BHYTPH 000HX
o0pyueii;

— Kk copty Ne 3 oTtHeceM (uILKH, JiexKaye BHYTpU o0pyya
B, HO BHE 00pyua B.

B pesynbraTe B COOTBETCTBUU C (opmysion (*¥*) kosuue-
CTBO Pa3NIUYHBIX PACKPACOK OKAa3bIBAETCSI PABHBIM IPOU3BE/IE-
mmo C3C3CZ.
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§ 9. OnHocToponHuit Mmypaseit
€ paclIMpeHHbIMH BO3MOKHOCTSMH

Bepnemcst terepp K 3amade 00 OJHOCTOPOHHEM MYpaBhbe,
KOTOPOMY pa3pelInM JIBHTaThCS HE TONBKO BBEPX WM BIIPABO,
HO €IIIe U CIIYCKaThCsl BHU3.

3agaua 9.1. Oonocmoponnull mypaseil (¢ pacuupeHHbiMuU
BO3MOACHOCAMU) CUOUM 8 JIeBOM HUICHEM VeIy NpAMOY20.ib-
HOU peutemku pazmepom mXk u 0omicen nonacmv 6 npagwlil
BepXHULl yeon pewiemku. /s onpeoeneHHoOCmu paccmompum
cayuat pewemku pasmepom 6X8 (cm. puc. 9).

Cnpawueaemcs: CKOTbKUMU CROCOOAMU  OOHOCTHOPOHHUL
Mypasgeti Mocem nonacme U3 1€6020 HUNICHE20 Yaid 8 Npaesblil
eepxHutl yeon peuwemxu? [leasxicovl npoxooumv no 0OHOMY U
MOMY Jice 36eH) peuemKu Mypasbio 3anpeuieHo.

Pemienne. Ha nepBbiil B3MIIs1A, 3aJa4a MOXKET MOKA3aThCs
TPYAHOM, OJJHAKO OHA pElIaeTcs «B OJHO A€HCTBHE». MBI CHOBA
BOCITIOJIB3yE€MCsI IIPUEMOM, UCIIOJIb30BAHHBIM paHee B § 3. 3ame-
TUM, 4YTO MEXIYy MapHIpyTaMd OJHOCTOPOHHEIO0 MYpaBbs C
paCIIUPEHHBIMHA BO3MOYKHOCTAMH (HE TPOXOISIIUMH JTBAYKIIBI
110 OTHOMY M TOMY JK€ 3BEHY PEIIETKN) U BCEBO3MOKHBIMHU IIIC-
CTHU3HAYHBIMH YHCTIaMH (B 3aIHCH KOTOPBIX MOTYT y4acTBOBAThH
uudpel oT 1 1o 9) MMeeTcss B3aMMHO-OJTHO3HAYHOE COOTBET-
CTBUE; CM. puc. 9.

S NW koo N OO

Puc. 9. M300paxeHHOMY MapILIpyThl COOTBETCTBYET ILIECTU3HAYHOE
yncio 636778
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Bcero takux mecTU3HaYHBIX YHCEIN, OYEBUAHO, 9°. 3HAUUT,
W MapHpyTOB HAaLIEr0 MYpaBbsi M3 JIEBOTO HIKHEIO yIia
pelIeTKH B IpaBblil BepxHuii yron Gyzer Taxe 9°,

B ob6mem cnyyae pemeTku pazmMepom mXk (Tae m — mupu-
Ha PEIIeTKH, a kK — ¢ BhICOTa) TaKMX MapIIpyTOB, OYEBUIHO,
oyner (k+1)".

3ameuanue. HeTpyaHO MOHSTH, YTO MO CPAaBHEHHUIO C MY-
paBbeM 3 § 1 ONHOCTOPOHHHMH MypaBeil C paclIMPEHHBIMHU
BO3MOKHOCTSIMH CMOXET IPOJIOKUTH OOJIbIIIC MapIIpyTOB U3
JICBOTO HIDKHETO yIJla PEIICTKH B €€ TpaBblii BEPXHHUH yro,
9TO COOTBETCTBYET HEPABEHCTBY

C"pr < (k+1)".

3ameuanue. [locnenHee HEPaBEHCTBO JIETKO MOXET OBITh
JIOKa3aHO HE3aBHUCHMBIM 00pa3oM.

JleHcTBUTENBHO, HAM HY>KHO 1OKa3aTh, YTO

(m+k)(m+k-1)...(k+1)
m!

<(k+ 1) (k+1)...(k+ 1)

(B mpom3BelIeHNHN cIIpaBa m CKOOOK), HO 9TO HEPaBEHCTBO Cpa-
3y cienyer u3 Toro (akta, 4To Ui JIF0OOTO HATYPABHOTO ]
npu j < m uMeeM
m+k—j

(m—j)(k+1)

3ameuanue. COOTBETCTBHE MEXKIY MapIIpyTaMH MYpPaBbs
Y MHOTO3HAYHBIMH YHCIIaMU, yCTaHOBJIIEHHOe B 3amade 9.1,
MO3BOJISIET €CTECTBEHHBIM 00pa3oM IEepeHyMepOoBaTh BCE 3TH
MapIIpyThl, pacroiarasi COOTBETCTBYIOIINE UM YHCIA B MOPSI-
Ke BO3pacTaHusl.

3ameuanue. Pemenue 3agaun 9.1 npuBOIUT HAC K OTBETY,
B KOTOPBIN MapaMeTphl m U k BXOJSAT HECUMMETPUYHBIM 00pa-
30M. DTO COBEPIIIEHHO €CTECTBEHHO, T.K., B OTIIMIHE OT IPEIIbI-
OyImmx 3agad o0 OJHOCTOPOHHEM MypaBbe, B ITOH 3aaaue
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YCJI0BHA Ha BO3MOJKHBIC IBUKCHUA MYPaBbA 110 TOPU3OHTAIIN U
10 BEPTUKAJIHN pA3JIAYHBI.

3agaua 9.2. Ilycmov egvinoanenvl ycaogus 3adauu  9.1.
CKOIbKO cywecmayem Mapupymos y mMypassbsi ¢ paculupertbvl-
MU BO3MOINCHOCHISIMU, €CU €My HYICHO U3 1e6020 HUINCHE2O
yera pewiemku NONACMb 8 NPAsbill GepXHULl V2o, nodwvieas 6
yzne D? (Cm. puc. 9.)
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§ 10. Bay:knaHusi 00bIKHOBEHHOT0 MYPaBbsl
10 NPSIMOYT0JIbHOM peleTKe

B »ToM maparpade mypaBell OKOHUATEIbHO nepecmaem
OblmMb 0OOHOCMOPOHHUM U MOdCEM O08USAMBCA NO 36E€HbAM pe-
wiemku 6 110o6oM Hanpasienuu (BBepX, BHU3, HAIIPABO, HAJIEBO).

MypaBblo Jake He 3alpelieHo IBaXIbl IPOXOIUTH TI0 O
HOMY U TOMY € 3BEHY PEILICTKH.

[Tycte cHOBa MypaBeil cUOWT B JIEBOM HIKHEM YTy pe-
IIETKA pa3MepoM mXk W MPOKIaAbIBaeT cebe MapIIpyT B TIpa-
BB BepxHU yroia (cM. puc. 10); B kauecTBe mpuMepa MbI CHO-
Ba B3SUTH PEIICTKY pa3MepoM 6X8.

= NWhrOO N O

Puc. 10. MapuipyTy MypaBbsi COOTBETCTBYET BOCBMU3HAUHOE
«aucio» 43(-5)96778

HeTpyaHo MOHSTH, YTO Temeph MapIipyT MypaBbs MOXKET
OKa3aThCsl CKOJb YrOAHO JIMHHBIM. [lompoOyem comocTaBUTH
KaXJIOMY MapIIpyTy HaIIero OOBIKHOBEHHOTO MYpPaBbsl YHCIIO-
BYIO 3aMKCh, IPUYEM TaK, YTOOBI MO HEH OJHO3HAYHO BOCCTA-
HaBJIMBAJICS MapIIPyT, a camMa 3Ta 3alKch ObLIa MAKCUMAIBHO
KOPOTKOH. DaKTHUYECKH MBI BOCIIOJIE3YEMCSI TEM JKE MPHEMOM,
4TO M B TPeAbIaylIeM naparpade, ¢ TOW JHUIIb pasHULEH, 4TO
Tenepb MPUXOAMUTCS BBOAWUTH 3HAK «MHHYC» Iepe HUQpOi,
€CJTH MypaBel ABIKETCs cripaBa HaneBo (cM. puc. 10).
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3ameTuM, OIHAKO, YTO HE JII00asi MOCIIe0BATEILHOCTD, CO-
crosimiast 3 mudp (vwnu uudp, CHA0KEHHBIX 3HAKOM «MUHYC»)
COOTBETCTBYET KaKOMY-JTHOO BO3MOXHOMY MapIpyTy.

HaanMep, IIOoCJICaJ0BATCIBbHOCTD
(-7)1532461,

OUEBUIHO, HE COOTBETCTBYET HHMKAKOMY MapLIpyTy MOTOMY,
YTO HAaYMHAETCS C IUQpPHI, cHaOkeHHOW MuHycoM. (MypaBei
HE MOXXET HauaTh JBUTATHCS HAJICBO, HE CABMHYBIINCH MEpe]
3THM B IIPaByIO CTOPOHY.)

IL':IJ'ICC, IIOCJICJOBATCIILHOCTD
7153246(-1)

TOYHO TakK e He COOTBETCTBYET HUKAKOMY MapIIpyTy, TaK Kak
MYpaBbIO Tepe]l OKOHUYAHHEM ABHMKEHHS MPUILIOCH Obl BBIATH
3a mpenensl penretku (cM. puc. 10).

[lepeiinem Terepp K OOIIEMy CIydYard PELIETKH Pa3MepoM
mXk. (HanmomHMM, 4TO m — IIUPUHA PELIETKH, a k — € BBICOTA.
ITo ananoruu ¢ puc. 10 3akmrouaeM, 4TO JyIsl HyMepaluy Mapii-
PYTOB MypaBbsl B HallleM pacropsbkeHun oyzaer k + 1 mudpa.)

B nmanpHeiimem nudpbl, cHaOXEHHBIE 3HAKOM «MHHYC», MBI
OyneM HasbIBaTh ompuyamenvhuvimu yugpamvu. Tlociaenoa-
TEJIbHOCTh IOJOXKUTENbHBIX M OTPULATENbHBIX LU(P, HOCTPO-
SHHYIO 110 MapLIpyTy MypaBbs, OyzaeM 0003HauaTh depe3 W.

CdhopmymnupyeM TpeOOBaHUS K ITOCIEOBATEIHHOCTSIM THIIA
W, KOoTOpbIe TO3BOJAT YCTAaHOBUTH B3aWMHO-0JTHO3HAYHOE CO-
OTBETCTBHE MEXIY TAKHMH MOCIIEAOBATENIFHOCTAMA U MapIIpy-
TaMU MYypaBbs U3 JIEBOTO HWKHETO yTIIa PEUIeTKH B €€ MPaBbhIi
BEepXHUH yroi. Jtu TpeboBaHus OynyT chOpMYIHpOBaHBI B
TepMuHax mnocienoBaTenbHOCTH 11 = II(W), cocrosmeit u3 «1»
U «-1» B COOTBETCTBUHU CO 3HAKaMH LU(P B MCXOAHOH IMOCe-
JoBaTenbHOCTH W:
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1) anre6pandeckas cymma Iudp mocienoBaTenbHOCTH 11
JOJDKHA OBITh paBHa m (OTKyJa, B YAaCTHOCTH, CIEIYET, YTO
JUIMHA TTOCIIeA0BaTENbHOCTH [1 JOKHA UMETh Ty K€ YETHOCTH,
YTO YHUCJIO M);

2) mpu CyMMHUPOBAHHH CJIeBa HAlpaBO HUKaKas YaCTHYHAs
anreOpanyeckas cymma nudp nociegoBarenabHoctu I1 He Mo-
xeT ObITh < 0 uiu > m.

Tenepb Bce MapIIpyThl OOBIKHOBEHHOTO MYPaBbsi HETPYAHO
NepeHyMepoBaTh, MPeABAPUTEIBHO Pa30MB UX HA KIIACCHI:

a) MapIIPyTHI, A KOTOPBIX MOCIEI0OBATEIILHOCTE W UMeeT
JUTAHY M

0) MapIIpyThl, 1151 KOTOPBIX MOCIEN0BAaTEIbHOCTE W HMeeT
UTUHY m+2;

B) MapUIPYTHL, JIsI KOTOPBIX MOCIEI0BAaTEILHOCTE W HMeeT
JIuny m+4;

" Tak galice.

3areM BHYTpH KaXKIOTO Kjlacca MOXHO YIMOPSAIOYUTH YHC-
JIOBBIE 3aIUCH, 00paIasch ¢ «OTPULATENEHBIMHA IU(paMi» Kak
¢ OOBIYHBIMU U(PAMU U YUUTHIBAS UX €CTECTBEHHBIN MOPSIOK
Ha yucnoBoi ocu. Hampumep,

2(-3)123456 < 2(-1)123456.

3ameuanue. lTak, mepeHyMepoBaTh BCe MapIIpyThl OOBIK-
HOBEHHOTO MYPaBbsi, HAMPABIAIONICTOCS U3 JIEBOTO HIDKHETO
yIia pelleTKU B MPaBbIii BEPXHUN YTOJl, HE CIUIIKOM CJIOXHO.
OnHaKo XOTeNoch OBl BBIICIHTH CPEIN TUX MapIIpyToOB Te, B
KOTOPBIX HH OJTHO peOPO HE MPOXOTUTCS TBAXKIBI.

IMokaxkeM, Kak 3TO MOXKHO CZenaTh, HA MPUMEPE TOPHU30H-
TaJgbHBIX pedep (cM. puc. 11).
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“NWhoo N O

Puc. 11. M300pakeHHBIH MapUIpyT COOTBETCTBYET YUCIOBOW 3aIIUCH
W =43(-5)36778;
nocnenoBarensHOCTh 11 mmeer Bug 11(-1)11111;
MIOCIIEA0BATEILHOCTD S yacTHUHBIX cyMM st [T umeer Bup
S =12123456

MB&I BUIMM, YTO Ha BTOPOM U YETBEPTOM MECTE B MOCIIEIO0-
BaTenbHOCTH W cTOMT mmdpa 3; mpu 3TOM Ha BTOPOM M YET-
BepTOM MecTax B mocienoBaTensHocTH S = S(II) wacTMuHBIX
CyMM CTOHWT OJIHO M TO K€ YHCIIO (a2 UMEHHO, YHCJI0 2). DTO U
03HauaeT, YTO TOPU3OHTAIILHOE pedbpo AB mpoiineHo MmypaBbeMm
nBakabl. TakuM 00pazom, crocod oTceBa MapLIPYTOB, Y KOTO-
PBIX TOPU3OHTANILHBIE Pedpa MpoxoasaTcs OOoIbIle 0JHOTO pasa,
HavimeH. Jlns Toro, 4TOOBI cIenaTh TaKyl IPOBEpKy Ooiee
HarJsIHON, MOKHO BMECTO TOCIIeIoBaTelbHOCTH W COMOCTaB-
JSITH MapUIpyTy MypaBbs MOCIEIOBATEILHOCTD Nap YMCe, IIe
nepBasi KOOpAMHATA KaXKIOW Mapbl B3sTa U3 MOCIEI0BATEIBHO-
ctu W, a BTOpasi KOOpArMHaTa — U3 COOTBETCTBYIONIEH MOCIE0-
BarenbHOCTH S. [y MapmipyTta, n300pakeHHOro Ha puc. 11,
Takas [ocJe0BaTeIbHOCTh OyJeT UMETh BH;

(4. 1), 3:2),(-5: 1), (3; 2), (6; 3), (75 4), (75 5), (8; 6).
Wrak, mapa (3; 2) BcTpeuaercs B 3TO# MOCIEI0BATETLHOCTH

JOBKABI, 9TO U 03HAYAET, YTO COOTBETCTBYIOIIEE FOPH30HTAIb-
Hoe pebpo AB ObLT0 TPOIIEHO ABAXKIBL.

Uto KacaeTcsi BEpTUKAILHBIX pedep, MPOWIeHHBIX Oosee
OJTHOTO pasa, TO OHM OTCEMBAIOTCS TOYHO TakK e, eCIH IoMe-
HATH POJIM BEPTUKAILHOW U TOPU3OHTAILHOW CTOPOH PEUIETKH.
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3ameuanne. OueBUIHO, YTO JIMHA MOCJICAOBATEIHLHOCTH
W ams MapuipyTa, B KOTOPOM 3BEHbSI PEHISTKU TPOXOSITCSA HE
0ojiee OMHOTO pa3a, HE MPEBOCXOIUT OOINEr0 YHUCIA 3BCHHEB
pemetku, T.€. m(k+1) + (m+1)k.

3ameuanue. MTak, MapmpyThl Ha IPSIMOYTOJBHON pEIIeTKe
OKa3aJIiCh CBOEOOPa3HBIM MOJUTOHOM, Ha KOTOPOM MOXHO OT-
pabaThIBaTh MEPEUUCIICHUE OOBEKTOB IMPH MOMOIIM KOMOWHA-
IUd JABYX METONOB: Pa30MEeHHs Ha KJIAcCHl (SKBHUBAJCHTHOTO
MIOCTPOCHUIO JAEPEBLEB) M JTMHEWHOTO YUCIOBOTO Mepedopa.
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§ 11. IlepBoe noGaBJIeHueE.
OaHocTOpOHHMI MypaBeil Ha TPeyroJabHOM
U KPYIrOBOH pemeTrkax

3/1eck MBI CHOBa BEpHEMCS K OIHOCTOPOHHEMY MYpPaBbIo.

3apaua 11.1. B sepuune A mpey2onvHoll pewiemku HAXo-
oumcsi OOHOCMOPOHHULL MYpasell, eMy HYICHO RPOIOHCUMD
mapwpym u3z A 6 eepwuny B (cm. puc. 12). Jeueamvcs no
HAKIOHHBIM OMPe3KaM, UCXO0AWUM U3 8epuluHbl A, mypaseii
Modcem moabKo GHU3 (YOAsAC, 0m A), a no 20puU30HMATbHLIM
ompeskam — moabko ciaesa Hanpaso. CKONLKO pa3IUYHBIX
MAPULPYmMos Moxcem npooHCUMb Mypaseii?

Pemenue. Ha nepBblil B3IUIsAL MOXET IOKA3aThCsl, YTO 3a-
mada 11.1 motpebyer HOBOJIBLHO TPOMO3JIKHAX BBIYHCICHHN (T10-
CKOJIbKY TIPH Pa3HbIX MapIIpyTax MypaBblo MOTPeOyeTcs Mpoii-
TH pa3HOE YHUCIIO 3BEHBLEB perieTkr). OaHako 3Ta 3aj1a4a (Kak u
3amava 1.1) pemaeTcst «B OJTHO JCHCTBUEY.

JleiicTBUTENBHO, TIPOBENEM OONOJHUMENbHBIL —20PU3OH-
manvusili ompezok CD HaJl OCTaNbHBIMH TOPU30HTAJIbHBIMHU
OTpe3KaMH, COEANHAIONUMHU OOKOBBIE CTOPOHBI TPEYTOJIbHUKA.

Tornma ka)xIoMy HaYMHAIONIEMYCS B BEPLIMHE A MapuIpyTy
HAILIETO MYPaBbsi MOXKET ObITh B3aMMHO-OAHO3HAYHBIM 00pa3oM
COTOCTABIICH €ro >X€ MaplIpyT, HaduHaromuics B Touke C
(cm. puc. 13). Tenepp Hamra 3agada OYeBHAHBIM 00pa3oM CBO-
aurcst K 3amade 1.1. OTtBer mist cirydasi, M300pa)XKEHHOIO Ha
puc. 12, naercs unciom coueranmii Co.

B obmem ciyuae, ecnu U3 BEpIIMHBI A TPEyrojibHUKa HC-
XOIIUT k OTPE3KOB (BKIIFOUAst OOKOBBIE CTOPOHBI TPEYTOJILHHUKA),
a TOPU30HTAJBHBIX OTPE3KOB, COCIAMHSIONINX OOKOBBIE CTOPO-
HBI, (BKJIFOYAsl B MX YUCIIO OCHOBaHUE TPEYrOJIbHHMKA) BCETO m,
OTBETOM OyeT o
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IIpumep. Ecnu B UCXOQHOW TPEyTONbHON pEUIETKE OTCYT-
CTBYIOT KaKkue-1100 BHyTpeHHUE 3BeHbA (T.€. k =2; m = 1), T0

k-1 _ 1l
C mtk-1 " C 2= 23

YTO COBIIAAACT C TCOMETPUYCCKU OUCBUAHBIM PE3YJILTATOM.
A

/] VAN
AV RNV

Puc. 12. OmHOCTOpOHHMI MypaBeit
Ha TPEYToJIbHOM peleTKe

C%ﬂ
/7T
/[T 1T T,

Puc. 13
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3anaua 11.2. Mypaseti cuoum 6 yenmpe pewiemku, oopaszo-
BAHHOU M KOHYECHMPUUECKUMU OKPYICHOCHAMU U K UCXOOsUU-
MU u3 yenwmpa paouycamu. Mypageil modicem 08ueamvcs moo-
KO 6 CMOpPOHY «OmM YeHmpay no paouycam Ui no
OKPYICHOCMSAM HO 4acosoll cmpenxe (cm. puc. 14).Ipu smom
08adicObl NPOXOOUMb 0OUH U MOM JHCe YYACOK Nymu 3anpeuye-
Ho. CronvKumu cnocodbamu modicem mypaset 00opamvcsi 00
6HewHell oKpyscHocmu?

Omegem: k(k+1)"".

3agaua 11.3. [lycmo evinonnenst 6ce ycrosus 3aoauu 11.2 u
nycms, Kpome moeo, Mypagbio 3anpeujerHo cosepuiams Oojee
00H020 0bopoma 8okpye yenmpa peutemru. CKOIbKUMU CNOCO-
bamu modicem mypageti 000pamuvcsi 00 GHEUWIHEN OKPYICHOCHU?

Pemenue. Ota 3a1aua noxoxxa Ha 3agady 11.1 u takxke pe-
[IAETCs «B OJHO MOeHCTBUE». Pa3numume COCTOMT B TOM, YTO
37ech HE HYXHO IPOBOJWUTH IOTIOHHUTEIBHBIX ITOCTPOCHHI.
[Ipexxne Bcero, 3ameyaem, YTO TEPBBIH XOJ MypaBbs MOXET
OBITh CICTIaH OJTHUM U3 k CIIOCOOOB, ITOCJIE YEro CUTYaIusl CBO-
JIUTCS K paccMOTpeHHOM B § 1 3aymaue 1.1; Tenepb 0AHOCTOPOH-
HUN MypaBell (QakTHYeCKH MYyTEHIeCTBYET IO MPAMOYTOIbHOMN
peuierke pazmepom (m-1)Xk.

Omeem: kam+k_1 cnocoOamu.

3ameuanue. O4eBUIHO, YTO YHCIIO CITOCOOOB B 3amaue 11.3
JIOJOKHO OBITh MEHBIIIE, YeM aHaJOTMYHOE YHCJIO CIOCOOOB B
3agaye 11.2, T.e. JOMKHO BBIMOJHATHCS HEPABEHCTBO

kCh o1 < k(k+1)"".

Coxkpanas 31ech Ha k, u mepeobo3Havas m-1 depes m, npu-
XOJIUM K paHee YCTaHOBJICHHOMY HEpaBEHCTRBY (CM. § 9).
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Puc. 14

3agaua 11.4. Mypaseii cuoum 6 yenmpe pewiemku, 00pazo-
BAHHOU ™ KOHYEHMPUUECKUMU OKpYIHCHOCmAMU U Kk ucxoos-
wumu u3z yewmpa paouycamu. Mypageii moocem 08ueamocs
MOABLKO 8 CIOPOHY «OM YEHMPAa» no paouycam uiu no OKpyic-
HocmAM (8 oboux nanpasnenusx). Illpu smom 08adicovl npoxo-
Oumsv 00UH u mom ice yyacmox nymu sanpeujero. CKonbKuMU
cnocobamu modicem mypageti 000pamvcs 00 8HEUHel OKPYHC-
Hocmu?

Omeem: k(2k+1)"" cnoco6amu.

Hakomner, erme onHa 3amada, HECKOJIBKO OTIMYAIONIASACS OT
MPEABIAYIUX 10 CBOEMY COACPKAHUIO.

3apaua 11.5. B cmpane Mypasuu ecezo 17 mypasetinuxos,
PACNONOJNCEHHBIX NO OKPYICHOCTHU, npudem aodvle 08a Mypa-
BelHUKA COeOUHEeHbl 00PO2ol ¢ OOHOCIMOPOHHUM O8UJICEHUEeM
(cm. puc. 15). Ilymewecmeue no xasicoot maxou oopoze 3anu-
Maem y 1106020 Mypasvs posHo ooun yac. Cmoocem au My-
PABbUNBLL MUHUCID MPAHCHOPMA MAK paccmagums yKasame-
U HA 00po2ax, 4mobdwsl u3 1006020 MypaGeuHUKa MOICHO ObLLO
006pamvcst 00 106020 Opyeoeo MypasetHuxa He 6onee, 4em 3d
0ea yaca?
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YVkazanue. TlonpoOyiiTe pemuTh 3a1ady cHavaga JUisl MATH
MypaBEeHHUKOB, a 3aTeM — B ciydae, KOrJa MypaBeiHHIKOB Bce-
r'0 YeThIpE.

B—-A

Puc. 15. OnHocTopoHHS:s nopora u3 A B B
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§ 12. Bropoe nodaBienne.
Kopouab Ha mmaxmMaTHO#M f0CKe

PaccMoTpuM OJHY mMepeunCIUTENBHYIO 3alady, KOoTopas
JUIS CBOCTO PEIICHUs TPeOyeT COBEPIICHHO WHOTO IMOAX0]a,
OTJIMYHOTO OT MPHEMOB, BCTPEUYABIIMXCS HAM BhIIIE (MOIPOO-
HOCTHU U OoJiee ri1y0OoKHii aHan3 CM. B [7]).

Ha stoT pa3 Ham OyzeTr ynoOHee rOBOpUTH O KOpOJIe, Iepe-
JBHUTAIOIIEMCS TI0 IIAXMaTHOW JOCKe, a He O MypaBbe, JIBIKY-
IIEMCS TI0 3BEHBSIM PEIISTKH.

3anaua 12.1. Kopoae cmoum Ha €GOl HUdiICHel Kilemke
NPAMOY20NbHOU WAXMAMHOU 00cKU pasmepom mXk. On mo-
Jlcem nepemMewyampCsl 66epX Wil 6NPABO HA KAEMKY, COCEOHION
1O CMOpOHe ¢ MOl KIemKOU, Ha KOMOPOU OH HAXOOUMCS 8 OaH-
Holi momenm. Kpome mozo, kopoib modcem nepexooums Ha
«COCEOHI0I0 NO Gepuiuney KIeMmKY, PACHOONCEHHYIO npasee u
sviute. CKOTbKUMU CROCODAMU KOPOTb MOdcem 000pambcsi 00
KAEemKU 8 NPA6OM BEPXHEM Vely WAXMAMHOU 00CKu?

Pemenume. /{1 mpocTOTH OrpaHUYUMCS cilydaeM m =k =5
(cwm. puc. 16).

[Ipexxne Bcero, 3aMeTUM, YTO B JIEBBIN HIXKHUM YTroOJl IOCKU
KOPOJISl MOXHO TOCTaBUTh OJHUM-EAMHCTBEHHBIM CIIOCOOOM.
[TosTomy 3amumem uucio «1» B kietky Al. lanee, B Kaxmyto
KJIETKY JIEBOTO CTOJNIOIA, a TakKe B KKIYIO KIETKY HIDKHEH
CTPOKH KOPOJIb MOXXET TOXKE IMOMAacTh OJHUM-EIUHCTBEHHBIM
croco0oM (He IyTaTh C YHCIIOM IIaroB, KOTOPBIC IS 3TOTO
npunetcs caenats!). IloaToMy Bo Bce BBHIIEYTTOMSHYTHIE KIIET-
KM cTaBUM eaunuiy. [anee, B kierky B2 moxHO momacth u3
knetok Al, A2 u Bl. CkianbiBas 4ucIOBbIC 3HAYCHUS, 3aIlH-
CaHHBIE B 3TUX KJIETKAX, ITOJIy9aeM YHCIO CIOCOO0B, KOTOPBIMH
KOpOJIb MOXKET IMONacTh B KJIeTKy B2. 3amuceiBaeM 3TO 4HCIIO
(«3») B xnerky B2. IlpoaBurasice aHaJOTHYHBIM 00pa3oM IO
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IIaXMaTHOH JOCKe, [I0JIy4aeM OTBET Ha BOINPOC 3aJauu: B Ipa-
BB BEpXHUH yros IOCKU KOPOJIb MOXKET Homacth 282 cmoco-
Oamu (282 =116 + 116 + 50).

514 | 3 |41 |#5 |28
bl 1 7 |25 |50 |11

3|1 F 1143 | 25| 44
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3apaua 12.2. Kopoab cmoum Ha 71e6oll HUdiCHell Kiemke
NPAMOY20NbHOU WAXMAMHOU 00CKU pasmepom 5X5. On mo-
Jkcem nepemMewyamsbcs 66epxX Ul 6NPaso HA KIAEmKY, COCEOHIO0
1o CMOpOHe ¢ Mol KemKoll, Ha KOMOPOl OH HAXOOUMCS 8 OaH-
Holli Mmomenm. Kpome moeo, koponb modcem nepexooums Ha
«COCEOHI0I0 MO GepuiuHey KIeMmKY, DACNOJONCEHHYIO Gblile
(npasee unu negee). CKOAbKUMU CHOCODAMU KOPOIb MONCEM
006pamocst 00 KIemKu 8 NpAaBoOM GepXHeM Yely WAaXmMamHoll
oocku?
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§ 13. Tperbe no6aBiIeHHe. 3aMoOLIEHHE TTOJIOCKHT

B 3axmoueHne pazbepeM emie OIUH TOAXOJ K PEIICHHIO
MEPEUYUCIIUTEIILHBIX 3a7lad, CBSI3aHHBIA C YCTAaHOBJICHHUEM pe-
KYPPEHTHBIX COOTHOIICHUH. B oTiauune oT cuTyanuu B mpepl-
nymem Jlob6aBneHuu, 31ech MBI OyJeM UMETh JIel0 C MPOJBU-
JKEHUEM BIIOJTb TIPSIMOH (a HE 10 TIOCKOCTH).

Crnenytomias 3aaya aHaJIOrMYHA 3aj7a4aM U3 TI1. 2 TIpeBOC-
xonuo# kauru C.K. Jlarmo [7].

3agaua 13.1. Jauna Oymascuas nonocka pazmepa 1Xn.
Tpebyemca 3amocmums ee, UCHOAb3YS €OUHUYHbIE K8AOPAMb,
Jomunowky pasmepom 1X2, «mpumunowxuy pazmepom X3,
a makaice «mempamunowkuy pazmepom 1x4. Crorvkumu cno-
cobamu 3mo MOHCHO coenams?

Pemenue. bynem o0Oo3HauaTh 4epe3 @, YHUCIO CIOCOOOB
pelIeHus oCcTaBIeHHOM 3anaun. Mmeem (cm. puc. 18):

a, = 1; a2=2; a3=4; as= 8.

n=f O &q=1

r=2 [ O 2z=2

e=3 [T [(CE O] EEm og=Y%

=% 010 OO0 ] O
OO0 OO ]
Puc. 18

B xaxxnom u3 paccMoTpeHHBIX Ha puc. 18 ciydaes (n =1, 2,
3 u 4) 3aMolIeHNs NepeurcIeHbl HE B CIy4allHOM IOpsKe,
a YTOPSAOYEHBI «II0 CTAPIIMHCTBY» CleAyomuM odpazom. Ot-
JeIbHBIM EIVHUYHBIM KBaZpaTaM IPHCBOCHO 3HaueHHE «1»;
KBaJpaTaM, BXOJSIIMM B COCTaB JOMHHOILIKHU, IPHCBOCHO 3HA-
YeHHe «2»; KBaJpaTaM, BXOJAAIIMM B COCTaB TPUMHUHOUIKH,
MPUCBOCHO 3HaueHHWe «3», a KBaaparam, OOpa3yrolIUM TeTpa-
MUHOIIIKY, PICBOEHO 3HaueHue «4» (cM. puc. 19).

ﬂ?=
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=1 @ &y=1

n=2 Qg =1

p=3 EEE <3=%

a=4 EE CEE
CEED GEEE

Puc. 19

a3

B nanpHeiiiieM 3aMOIIEHUs, pealu3yeMble JJIsi MOJIOCKHU
JUIAHBI 1, OyJIeM Ha3bIBaTh 1-3aMOICHUSIMHU.

PaccmoTpum Teneps ciyuait n = 5. bynem ycTpauBarth
5-3aMOLLEHUs, HUCHOJb3ysl 3aMOIICHMsS, IMPOBEACHHBIC paHee
npu n =1, 2, 3 u 4. [loctynuMm cieayromnmm o0pa3om:

a) K KOKIOMY 4-3aMOIICHHIO JTO0aBUM CITpaBa ¢IMHWYHBII

KBaJpar;

0) K KaXI0My 3-3aMOIICHHIO JOOABUM CITpaBa JOMUHOIIIKY;

B) K K&KIOMY 2-3aMOIIIEHHUIO T00aBUM CIpaBa TPUMUHOIIKY;

) K 1-3aMorieHnto 700aBUM cIipaBa TETPAMUHOIIKY .

[Ipexxne Bcero, MoKakeM, YTO CPEAM MOCTPOSHHBIX 3aMO-
UIEHUA HET ABYX OJMHAKOBBIX. JI€MCTBUTENBHO, NOCTATOYHO
3aMETUTh, YTO BCE HOBBIC 3aMOUICHMS, MOJYUYCHHBIE U3 MPEXK-
HUX 3aMOIIEHUH, OTHOCAIIMXCS K Pa3HBIM n, OyAyT OKaHYH-
BaThCS HA Pa3HbIC IIUQPHI.

BaxHO moka3aThk Takxke, YTO HU OJHO S-3aMOIIeHuE HE 0Y-
JeT NpomyueHo. JIeHCTBUTENbHO, MYCTh UMEETCS HEKOTOpOe
3amolneHue X, peanusyemoe mis ciydas n = 5. Ilycts, Hanpu-
Mep, 3aMolleHHe X OKaHUMBAETCAd Ha OJMHOYHBIA KBaApar.
YOupass 3TOT KBaapaT, OYEBHIHO, IIONyYNM HEKOTOPOE
4-3amomienne. OHAKO Bce 4-3aMOIIEHUsT OBUIA UCTIOIH30BAHEI
IIPY HaIlIeM MMOCTPOCHUU Habopa S-3aMoreHuit. TeM caMbiM MBI
[IOKa3ajH, YTO paccMaTpUBaeMoe 3aMOIeHre X HE MOTJIO OBITh
MIPOILYLICHO.
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Hrak, ob1ree KoMumaecTBO S-3aMOIIEHUH paBHO:

as=aptazta+ta=8+4+2+1=15.

Takwue e paccykJIeHus, TPOBEJCHHBIC JJIsl TPOU3BOIBHOTO
n (n = 5), IPUBOJAT K COOTHOIIICHUIO

A1 =0, T ap T apr + ays. )

B wacTHOCTH, OTCIO/Ia CIEAYET, YTO

ag=15+8+4+2=29;

a; =29+ 15+ 8+ 4 =56;

ag=56+29+15+8=108

(KakIplid pa3 MpU yBENIWYCHUH /1 HA €IUHHITY YHCIO 3aMOIIe-
HUN TPUOIN3UTEIHHO YIBAUBACTCS).

3ameuanue. HeTpyaHO MOMYyYUTH CIEAYIONIYIO JOBOJIBHO
rpyOyIo OLIEHKY POCTa YHCEN a,

9/5 < ayi/a, < 2. (**)

HeticTBuTenbHO, MMeeM U3 (*) MpHU NPOU3BOIBEHO B3SATOM 7
(n=5):

Apirfay = 1+ (@py + apa + ap3)la, =

=1+ (ay— ana) ay=2 — ayalay, (***)

OTKy/1a CIIelyeT IIpaBoe HEPaBeHCTBO B (**).

Jlns nokazarenscTBa JEBOTO HepaBeHCTBa (**) BOCIIONB3y-
eMcs METOJIOM MaTeMaTHYeCKOH HHAYKIHH.

[Ipexxae Bcero, 3amMeTuM, YTO JIEBOE HEPaBEHCTBO B (**)
BBIMIOJIHAETCS TIpU 1< n < 5.

Janee, NpeANoIOKUM, YTO MIPU KaXKAOM HATYpalbHOM Jj, HE
MIPEBOCXO/ISIIIEM HEKOTOPOE MPOU3BOJIBHO B3sTOE k (TIIE k > 5),
BEpPHO HEPaBEHCTBO

9/5 < aj/a;.

[Mokaxxem, 4uTto TOrnma OyJET CIpPaBEeIUTMBO W aHATIOTUYHOE
HEpaBEHCTBO Ipu j =k + 1, T.e.

9/5 < ak+2/ak+1.
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B cuny (***), rae n Hy)XHO 3aMEHUTh Ha k + 1, mocienHee
HEPaBEHCTBO MOXKET OBITh NEPEIHMCAHO B CIICAYIOIIEM JKBHUBA-
JIEHTHOM BUIE: 9/5 <2 — ajs/ap, T.€. apii/ars >3,

WJTH, 9TO TO K€ caMoe,
Ak—2  Ak—1 , Ak  Qk+1 >5
Ak-3 QAg-2 Qk-1 Gk

OnHako B CHITy MPEAMONOKEHUS WHIYKIMH, KK MHO-
JKUTEIb B JICBOW YaCTH TMOCIEIHEr0 COOTHOIEHUS Oobiie 9/5.
TakuM 06pa3oM, HaM OCTANOCh YCTaHOBUTH, uTo (9/5)" > 5.
CrpaBeNTMBOCTh 3TOTO HEPABEHCTBA MPOBEPSETCS HEMmocpe-
CTBCHHBIM IIEPEMHOKCHHUEM.

3ameuanue. HeTpyTHO MOHSTH, YTO AHAJOTHUYHBIC PEKYp-
PEHTHBIE COOTHOIICHUS BO3HUKAIOT, €CJIM pa3peliacTcs HC-
MOJIb30BaTh I M-3aMOIICHHS JIIOObIe MPSIMOYTOJIbHUKH Pa3-
mepom 1X1, 1X2, ..., 1 Xk (3mechb k < n).

3ameuanue. Bepaemcs k noctaHoBke 3amaun 13.1, HO Oy-
JIeM TeTephb JOTOJHUTEIBHO CUUTATH, YTO:

a) KaXKaas UCIOJIb3yeMast TIPH 3aMOIICHUH TTOJIOCKH GuUrypa
JIOJDKHA OBITH IMMOKpallieHa B OAWH U3 N I[BETOB;

0) ¢urypsl, pacmnoyioXKeHHbIE NMPH 3aMOIIECHUH PSIOM, HE
MOTYT OBITh TIOKpAIIICHBI B OJINH IIBET.

HerpynHo BHIETh, 4TO TOT/a MPUBEIECHHOE BEHIIIE PEKyp-
PEHTHOE cooTHOIIeHHe (*) 3aMeHUTCS Ha

A+ = (N - 1)(an + ay-1 + ayn + an-3)'

3ameuanue. [ToctanoBky 3amaum 13.1 MOXHO BHIOM3ME-
HUTH TaKXXe CIEIYIOIUM 00pazoM.

Bynem cuutath, 4TO KaXKIbI UCIIONB3YyEMBIA MIPU 3aMOILIE-
HUU TIOJIOCKH €IMHUYHBIN KBaapaT JOJDKCH OBITH MOKpAIlCH B
onuH u3 N I[BETOB, a KaKIas JOMHHOIIKA, TPUMUHOIIKA ¥ TET-
pPaMUHOIIKA — COOTBETCTBEHHO B OJUH U3 Nj, N3 1 Ny 11BETOB.
(Ha sToT pa3 He mpeamoiaraeM, 4To CoceHue QUrypsl oo0si3a-
TEJIHHO JOJDKHBI OBITH TMTOKPAIICHEI B pa3HbIC I1BeTa.) Torma co-
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OTBETCTBYIOIIICE PEKYPPESHTHOE COOTHOIICHUE, OUEBUIHO, MPH-
MET BUJ

ap+1 = Nia, + Noa,r + Naa,p + Nya,s.

Ecnu kakue-To 3yeMeHThl (HampuMep, JAOMHHOIIKH) TMPH
3aMOIICHUU HWCIOJIb30BaTh 3alpPEIICHO, TO COOTBETCTBYIOIIUI
KO3 (QUIMEHT B PEKYPPEHTHOM COOTHOIICHHH, KaK HETPYIHO
BHIIETh, OyaeT paBeH Hyimro. ChenaHHOe 3amMedaHne 0e3 u3Me-
HEHHU MEPEHOCUTCS Ha CITydai, KOrja MpU 71-3aMOIICHUH MO-
IYT OBITh MCIOJB30BaHBI JHOOBIC MPSIMOYTOJLHUKU Pa3MepoM
1x1, 1X2, ..., 1 Xk (3meck k < 1) WIN TOIBKO MPIMOYTOIHHUKH
HEKOTOPBIX CIHEIHANBHBIX pa3MepoB U3 YIIOMSHYTOro Habopa .
TeM camMbIM Mbl TOJYYHIM MOJENb, PEATH3YIOIIYIO BCEBO3-
MOXKHBIE PEKYPPEHTHBIC COOTHOIICHHUsS C IIEIBIMH HEOTpPHUIIA-
TeIHHBIMH KO3 (D PHUITmeHTamMmu.

3ameuanue. bonee rmybokoe paccMoTpeHHe MOTOOHBIX 3a-
Jlad MOXHO HaWTH B [7].
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